
From Curves to Words and Back Again: Geometric
Computation of Minimum-Area Homotopy

Hsien-Chih Chang, Brittany Terese Fasy,
Bradley McCoy*, David L. Millman, Carola Wenk

Montana State University
August 1, 2023

Montreal, Canada
WADS

Bradley McCoy 1 / 27



Introduction

Collaborator Appreciation

Hsien-Chih Chang Brittany Fasy

David Millman Carola Wenk
Supported by NSF grants CCF 2107434, DMS 1664858 and CCF 2046730

Bradley McCoy 2 / 27



Introduction

Input to Our Problem

Generic Curves

n - number of segments, |F | - number of faces, |V | - number of self-intersections

Bradley McCoy 3 / 27



Introduction

Input to Our Problem

Generic Curves

n - number of segments, |F | - number of faces, |V | - number of self-intersections

Bradley McCoy 3 / 27



Introduction

Input to Our Problem

Generic Curves

n - number of segments, |F | - number of faces, |V | - number of self-intersections

Bradley McCoy 3 / 27



Introduction

Input to Our Problem

Generic Curves

n - number of segments, |F | - number of faces, |V | - number of self-intersections

Bradley McCoy 3 / 27



Introduction

Input to Our Problem

Minimum Area Homotopy

Bradley McCoy 4 / 27



Introduction

Input to Our Problem

Minimum Area Homotopy

Bradley McCoy 4 / 27



Introduction

Input to Our Problem

Minimum Area Homotopy

Bradley McCoy 4 / 27



Introduction

Input to Our Problem

Minimum Area Homotopy

Bradley McCoy 4 / 27



Introduction

Input to Our Problem

Minimum Area Homotopy

Bradley McCoy 4 / 27



Introduction

Input to Our Problem

Minimum Area Homotopy

Bradley McCoy 4 / 27



Introduction

Input to Our Problem

Minimum Area Homotopy

Bradley McCoy 4 / 27



Introduction

Agenda

Talk Outline

Data Analysis

Self-Overlapping Curves

Minimum Area Homotopy

Word Equivalence

Mapping Class Groups

An Open Inverse Problem

Bradley McCoy 5 / 27



Introduction

Data Analysis Tool

Measure Curve Similarity
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w = [123423̄4̄]
Spanning tree.

Cyclic order of boundary.

Bradley McCoy 15 / 27



Word Equivalence

Word Equivalence

Where Did We Make Choices?

Blank’s Word

w = [123423̄4̄]
How to draw the cables.

Order around p0.

Nie’s Word
∂(f1) = e3ē2e1e4
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Bradley McCoy 17 / 27



Word Equivalence

Word Equivalence

Where Did We Make Choices?

Blank’s Word

Where to place cable one.

Nie’s Word

∂(f1) = e4e3ē2e1 ∼ e1e4e3ē2
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