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CD Coloring
A proper coloring X of G is a class dominated coloring of G if
every color class is dominated by a vertex in V(G).

CD COLORING
Input: Agraph Gand al e N.

Question: Is there a CD coloring X of G with |x| < [?

CD COLORING is NP-hard for [ > 4 [Merouane et al., 2015].
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DOMINATING SET
Input: A graph G,and al € N.

Question: Is there a dominating set S C V(G) with |S| < [?

- Every vertex dominates some color class.
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Social Networks

Social networking graphs have been empirically shown to
have:

- High density of triangles.

- Dense subgraphs or “communities”.
- Small world property.

- Heavy-tailed degree distributions.

Social networking graphs are almost cluster graphs!



Parameter of Interest

For such graphs, a popular parameter is Cluster Vertex Deletion
set size:
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Overview of Results

\ CD COLORING \ DOMINATOR COLORING \

Exact O")T O(4")
cLQ O*(2M) O*(16%)
TC O+ (2018 k) O+ (2018 k))
CVD Set | 0*(20@kaloga)) 0*(2029)

We also establish some lower bounds for CD COLORING and
DOMINATOR COLORING with respect to these parameters.

"Proved by Krithika et al. in 2021.


https://doi.org/10.1016/j.dam.2020.12.015
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Questions?

- M CV(G)isaCVDsetif G— M is a cluster graph.

- A proper coloring X of G is a CD coloring of G if every color
class is dominated by a vertex in V(G).

- We now design a randomized algorithm which solves CD
COLORING in O*(2F) time where k is the size of a clique
modulator.
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Clique Modulator

Clique Modulator
AM C V(G) is a cligue modulator if G — M is a clique.

Clique Modulator

<t 77/

Q

Note: A cligue modulator is a special CVD set.

An optimal clique modulator can be found “quickly” [Gutin et
al., 2021].


https://doi.org/10.1137/20M1323369
https://doi.org/10.1137/20M1323369

Coloring the Clique

M
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Coloring the Clique

M

LisT COLORING can be solved in polynomial time on cliques
[Arora et al., 2020].


https://doi.org/10.1016/j.tcs.2020.02.022

Coloring the Clique
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Lemma
(G,l) is a YEs instance of CD COLORING with this coloring of M,
if, and only if, B(C, Q) has a matching saturating Q.

Takes O*(R®)-time!



Parameterized by Clique Modulator Size

There exists a randomized algorithm that solves CD COLORING
in O*(2%) time where k is the size of an optimal clique
modulator of the input graph.



Polynomials

Divisibility Determination

Given a polynomial p(x1,X2 ...x,) over R, and a
JC{1,2,...n}, determine if p contains @ monomial m such
that [T, x; | m.
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Polynomials

Divisibility Determination

Given a polynomial p(x1,X2 ...x,) over R, and a
JC{1,2,...n}, determine if p contains @ monomial m such
that [T, x; | m.

Addressed in [Wahlstrom, 2013].

- Construct a polynomial g such thatq # 0 <= H/-e]xj | m
for a monomial m of p.

- Use the Schwartz-Zippel Lemma on q.

g can be constructed and evaluated in O*(2/)-time.


https://drops.dagstuhl.de/opus/volltexte/2013/3946/pdf/34.pdf
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Step 1: Constructing a Bipartite Graph
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Add a set of “dummy” vertices for balance.



Step 1: Constructing a Bipartite Graph

M| e Mo fue @ /\E A
W
Q o [PV NN

B(C", V")



Step 2: Constructing its Edmond’s Matrix

M . . . .

Which vertices in M can also be colored red?



Step 2: Constructing its Edmond’s Matrix

7 I —
U1 v U3 Uq Us U6 c’ ° .. ° . e e [}

Which vertices in M can also be colored red?



Step 2: Constructing its Edmond’s Matrix

Y F Q) 0
1 vy V3 V3 vy 05 Vg ' A coo A . e .. o

Which vertices in M can also be colored red?



Step 2: Constructing its Edmond’s Matrix

M @.

? Vo vy Vg Us U6 c’ ° .. ° . e e [}

Which vertices in M can also be colored red?



Step 2: Constructing its Edmond’s Matrix

/_\

]\/[ 1 3 ). ),
U1 V2 U3 4 Us 06 c’ ° 000 ° . ° 000 °

Vv’ . o o ° .

Vertices in M that can be colored red:



Step 2: Constructing its Edmond’s Matrix

/_\

]\/[ 1 3 ). ),
U1 V2 U3 4 Us 06 c’ ° 000 ° . ° 000 °

Vv’ . o o ° .

B(C", V')

Vertices in M that can be colored red: Sy ¢) = {0, {va}, {ve}}.
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Step 2: Constructing its Edmond’s Matrix

- For each v € M, consider a variable x,,.

- For an edge (v, c) € V(G) x C, S(,¢) is the collection of
subsets of M which can also be colored c if vis colored c.

- For all other edges, S,y = 0.
- Let P(v,c) ZS@S Hves Xy.

Edmond’s Matrix

Ay, c) = { ZOPw0 if (v, c) € E(B)
’ 0 otherwise
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Theorem
(G, 1) is a YES instance of CD COLORING if, and only if, detA
contains a monomial m such that [T, cyxv | m.

By [Wahlstrém, 2013], this takes O*(2M) = ©*(2F) time.
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