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Problem

exact: O(n) time
(Megiddo, ’83), (Welzl, ’91)

2-approx: O(n log n) time
exact: O(n log n + nk) expected time

(Matoušek, ’95)

2-approx: O(n) expected time
exact: O(nk) expected time

(Har-Peled & Mazumdar, ’05)
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(Matoušek, ’95)

2-approx: O(n) expected time
exact: O(nk) expected time

(Har-Peled & Mazumdar, ’05)

P. Bose et al. Approx. SKEG Discs WADS 2023 2 / 24



Problem
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Problem

Euclidean

Geodesic
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Problem

Smallest k-Enclosing Geodesic Disc

Given:

a simple polygon P defined by a set of m vertices in R2, r of which
are reflex vertices

a set S of n points of R2 contained in P

Find a geodesic disc of minimum radius centred and contained in P that
contains k points of S .
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Problem

KEG disc k-enclosing geodesic disc
geodesic disc centred and contained in P that contains k
points of S

SKEG disc smallest k-enclosing geodesic disc
KEG disc with smallest radius

2-SKEG disc a KEG disc whose radius is at most twice that of a SKEG
disc
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Problem

Theorem

We compute a 2-SKEG disc:

if k ∈ ω(n/ log n), in O((n2/k) log n log r + m) time and O(n + m)
space, but we compute a 2-SKEG disc with high probability (i.e., at
least 1− 1/n)

if k ∈ O(n/ log n), in O(n log2 n log r + m) expected time, O(n + m)
expected space

N.B.: When k ∈ Θ(n), the runtime is O(n log n log r + m)
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Tools
Polygon Simplification

O(m) time (Aichholzer et al., ’14)
Size O(r), preserves visibility, shortest paths
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Tools
Shortest-Path Query Data Structure

O(r) build time (Guibas, Hershberger, ’89)
O(log r) query time
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Random Sampling

Compute a random sample of (n/k) ln n points of S and compute the
(k − 1)st closest point of S to each.

Theorem

RS-Algo computes a 2-SKEG disc with probability at least 1− 1/n in
O((n2/k) log n log r + m) time and O(n + m) space.

P. Bose et al. Approx. SKEG Discs WADS 2023 10 / 24



Divide-and-Conquer
Projection
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Divide-and-Conquer
Computing Projections

(Pollack, Sharir, Rote, ’89)

=⇒ ∠uc closest to π/2
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Divide-and-Conquer
Balanced Hierarchical Polygon Decomposition

(Chazelle, ’82), (Guibas et al., ’87) O(r) time / space
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Divide-and-Conquer
Merge
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Divide-and-Conquer
Merge

pick a candidate projection at random

ρ = distance to kth closest neighbour of S

for each point of S , compute the interval along the diagonal within
distance ρ

overlay, count depth of candidate projections, update candidates

(Devroye, ’88) “Theory of Records”
O(log n) iterations with high probability
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Theorem

DI-Algo computes a 2-SKEG disc in O(n log2 n log r + m) expected time
and O(n + m) expected space.
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Comparing to Higher Order Geodesic VDs
Ignoring Polylogs

Can be solved exactly with higher-order geodesic VDs in worst-case time
O(k2n + k2r + min(kr , r(n − k)) + m).
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Comparing to Higher Order Geodesic VDs
Ignoring Polylogs

2-SKEG: O(n + m)
OKGVD:

for k ∈ Θ(1): O(n + m)

for k ∈ Ω(n), k < n − 1: O(more than n3) time
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The End
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Related Results

Coverings/packing simple polygon with geodesic discs [11, 13]

Geodesic centre, simple polygon [1, 3, 5, 10, 12]
Geodesic 2-centre, simple polygon [9, 13]

Geodesic centre, n points in simple m-gon: O(m + n log(mn))
[2, 7, 12]
Geodesic 2-centre, n points in simple m-gon:
O(n(m + n) log3(m + n)) [8]

Simple m-gon, n points, all geodesic discs of radius ρ that contain at
least k points [4]: for output size Y ∈ O(nm)

(ignoring polylogs)
O(m + (Ym)2/3 + Y + n2)

Geodesic k-Nearest Neighbour Queries (static) [6]:
built in O(n ∗ polylog) expected time
queries in O(k ∗ polylog) expected time
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Divide-and-Conquer
Merge Disc Contains Some Projection

(Pollack, Sharir, Rote, ’89) [10]
∠uucc∗ ≥ π/2

=⇒ d(u,c∗) > d(uc ,c∗), d(uc ,u)
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